Bershadsky, Cecotti, Ooguri and Vafa constructed a real valued invariant for Calabi-Yau manifolds, which is called the BCOV invariant. In this paper, we consider a pair (X, D), where X is a compact Kähler manifold and D ∈ K X is simple normal crossing. We construct the BCOV invariant of (X, D) and study its behavior under blow-up. Our construction extends the BCOV invariant constructed in the author's previous paper, where D is required to be smooth and reduced. It was conjectured that birational Calabi-Yau manifolds have the same BCOV invariant. As an application of our extended BCOV invariant, we show that the conjecture holds for Mukai flops. We expect that the considerations in this paper may eventually lead to a complete answer to the conjecture.
The BCOV torsion is a real valued invariant for Calabi-Yau manifolds equipped with Calabi-Yau metrics. Bershadsky, Cecotti, Ooguri and Vafa initiated the study of BCOV torsion for Calabi-Yau threefolds in the outstanding papers [3, 4] . Their work extended the mirror symmetry conjecture of Candelas, de la Ossa, Green and Parkes [11] . Fang and Lu [14] studied the BCOV torsion for Calabi-Yau manifolds of arbitrary dimension.
The BCOV invariant is a real valued invariant for Calabi-Yau manifolds, which could be viewed as a normalization of the BCOV torsion. Fang, Lu and Yoshikawa [15] constructed and studied the BCOV invariant for Calabi-Yau threefolds. Their work confirmed a conjecture of Bershadsky, Cecotti, Ooguri and Vafa [3, 4] concerning the BCOV torsion of quintic mirror threefolds. Eriksson, Freixas and Mourougane [12, 13] extended these results to Calabi-Yau manifolds of arbitrary dimension.
For a Calabi-Yau manifold X, we denote by τ (X) the logarithm of the BCOV invariant of X defined in [12] .
Fang, Lu and Yoshikawa [15, Conjecture 4 .17] conjectured the follows: for a pair of birational Calabi-Yau threefolds (X, X ′ ), we have
where ν(X, X ′ ) is a real number determined by the topology of (X, X ′ ). In an earlier paper [20, Conjecture 2.1], Yoshikawa made a stronger conjecture: for a pair of birational Calabi-Yau threefolds (X, X ′ ), we have (0.2) τ (X ′ ) = τ (X) .
Eriksson, Freixas and Mourougane [12, Conjecture B] conjectured a higher dimensional analogue: for a pair of birational Calabi-Yau manifolds (X, X ′ ), we have (0.3) τ (X ′ ) = τ (X) .
Let X and X ′ be projective Calabi-Yau threefolds defined over a field L. Let T be a finite set of embeddings L ֒→ C. For σ ∈ T , we denote by X σ (resp. X ′ σ ) the base change of X (resp. X ′ ) to C via the embedding σ. We denote by D(X σ ) (resp. D(X ′ σ )) the derived category of coherent sheaves on X σ (resp. X ′ σ ). Maillot and Rössler [16, Theorem 1.1] showed that if one of the following conditions holds, (a) there exists σ ∈ T such that X σ and X ′ σ are birational, (b) there exists σ ∈ T such that D(X σ ) and D(X ′ σ ) are equivalent, then there exist a positive integer n and a non-zero element α ∈ L such that
While a result of Bridgeland [10, Theorem 1.1] showed that (a) implies (b), Maillot and Rössler gave two separated proofs for (a) and (b). Let X be a Calabi-Yau threefold. Let Z ֒→ X be a (−1, −1)-curve, i.e., -the complex manifold Z is isomorphic to CP 1 ; -the normal bundle of Z ֒→ X is the sum of two line bundles of degree −1. Let f : X ′ → X be the blow-up along Z. Set D = f −1 (Z) ⊆ X ′ . We have D ≃ CP 1 × CP 1 . Let pr 1 , pr 2 : CP 1 × CP 1 → CP 1 be the projections to the first and the second component. We identify D with CP 1 × CP 1 such that f D = pr 1 . There exists (0.5) g : X ′ → X ′′ such that g X ′ \D is biholomorphic and g D = pr 2 . The birational map (0.6) g • f −1 : X X ′′ is called an Atiyah flop. Here X ′′ is Calabi-Yau. We assume that both X and X ′′ are compact and Kähler. The author [21, Corollary 0.5] showed that (0.7) τ (X ′′ ) = τ (X) .
In other words, the conjecture [20, Conjecture 2.1] holds for Atiyah flops. Now we sketch the proof of (0.7).
1)
We make sense of τ (X ′ , D). More precisely, we define τ (·, ·) for any compact Kähler manifold equipped with a smooth reduced canonical divisor. 2) We show that τ (X ′ , D) − τ (X) is a universal constant for any blow-up X ′ → X along a (−1, −1)-curve. 3) Both X ′ → X and X ′ → X ′′ are blow-ups along (−1, −1)-curves. By 2), we
The key idea in the proof of (0.7) is to extend the BCOV invariant. The purpose of this paper is to further extend the BCOV invariant. We will construct τ (X, D) with X compact Kähler and D ∈ K X simple normal crossing. If D is smooth and reduced, τ (X, D) is exactly the same as in [21] . In particular, for X Calabi-Yau, 
where -for each k, X k is smooth and projective; -for each k, either X k X k+1 or its inverse is a blow-up with smooth center; -for each k, the unique element D k ∈ K X k is simple normal crossing.
Then τ (X k , D k ) is well-defined for k = 0, · · · , r. We have the obvious identity
The identity (0.10) provides an approach to the conjectures mentioned above: to study the behavior of the extended BCOV invariant under blow-up. In this paper, we prove the follows: under blow-up, the change of the BCOV invariant is determined by the infinitesimal neighborhood of the center of the blow-up. As a application, we show that the conjecture [12, Conjecture B] holds for Mukai flops.
The work of Bismut, Gillet and Soulé [6, 7, 8] on the Quillen metric [17] is of fundamental importance in this paper. The immersion formula of Bismut and Lebeau [9] is another powerful tool which we will use.
Let us now give more detail about the matter of this paper.
1-Calabi-Yau pair (X, γ). We consider (X, γ), where X is a compact Kähler manifold and γ is a meromorphic section of K X . Let
We call (X, γ) a 1-Calabi-Yau pair if Div(γ) is simple normal crossing (see Definition 1.2) and m k = −1 for k = 1, · · · , l.
Construction and curvature of τ (X, γ). For I ⊆ {1, · · · , l}, we denote
In particular, we have w ∅ = 1. We denote (0.13)
In particular, we have E ∅ = X.
Let ω be a Kähler form on X.
Here the correction terms are constructed by integrating certain Bott-Chern currents. The real number τ (X, γ) is independent of ω. Let χ(E I ) be the Euler number of E I . We denote (0.15) χ(X, γ) = I⊆{1,··· ,l}
For z ∈ C * , we have
Let π : X → S be a holomorphic fibration. We assume that π is locally Kähler, i.e., for any s ∈ S, there exists an open subset x ∈ U ⊆ S such that π −1 (U) is Kähler. For s ∈ S, we denote X s = π −1 (s). Let γ s ∈ M (X s , K Xs ) s∈S be a holomorphic family. We assume that (X s , γ s ) is a 1-Calabi-Yau pair for any s ∈ S. We assume that there exist l ∈ N, m 1 , · · · , m l ∈ Z\{0, −1} and E k,s ⊆ X s k∈{1,··· ,l}, s∈S such that 
Construction of τ (X, D). We consider (X, D), where X is a compact Kähler manifold and D ∈ K X is simple normal crossing. There exists γ ∈ H 0 (X, K X ) such that Div(γ) = D. By (0.16),
Localization theorem. Let (X, γ) be a 1-Calabi-Yau pair. Let m 1 , · · · , m l ∈ Z\{0, −1} and E 1 , · · · , E l ⊆ X be as in (0.11). Let Z ⊆ X be a connected closed complex submanifold such that Z, E 1 , · · · , E l transversally intersect (see Definition 1.1) and
Theorem 0.2. We have
where ν(N Z , γ Z ) is a real number determined by (N Z , γ Z ).
If D = Div(γ) is effective, so is D ′ = Div(f * γ). By (0.19) and (0.23), we have
This identity extends [21, Theorem 0.3, 0.4].
Mukai flop. Let X be a Calabi-Yau manifold of dimension 2n + 1. Let Z ֒→ X be a complex submanifold such that -the complex manifold Z is isomorphic to CP n ; -the normal bundle of Z ֒→ X is the sum of n + 1 line bundles of degree −1. Let f : X ′ → X be the blow-up along Z. Set D = f −1 (Z) ⊆ X ′ . We have D ≃ CP n × CP n . Let pr 1 , pr 2 : CP n × CP n → CP n be the projections to the first and the second component. We identify D with CP n × CP n such that f D = pr 1 . There exists (0.25) g : X ′ → X ′′ such that g X ′ \D is biholomorphic and g D = pr 2 . The birational map
Theorem 0.3. For a Mukai flop X X ′′ between compact Kähler Calabi-Yau manifolds, we have
The proof of Theorem 0.3 is immediate: by (0.24), we have
This paper is organized as follows. In §1, we give several elementary constructions. In §2, we construct the BCOV invariant τ (X, γ) and prove Theorem 0.1. In §3, we prove Theorem 0.2.
Notations. For a complex vector space
For a complex vector bundle F over a complex manifold S, we denote by Ω p,q (S, F ) the vector space of (p, q)-forms on S with values in F . We denote Ω p,q (S) = Ω p,q (S, C).
For a holomorphic vector bundle E over a complex manifold S, we denote by O S (E) the analytic coherent sheaf of holomorphic sections of E. We denote O S = O S (C). We denote by Ω p S the analytic coherent sheaf of holomorphic p-forms on S. For an analytic coherent sheaf F on a complex manifold S, we denote by H q (S, F ) the q-th cohomology of F . For a holomorphic vector bundle E over S, we denote H q (S, E) = H q (S, O S (E)). If H 0 (S, E) = 0, we denote E = P H 0 (S, E) . We denote by M (S, E) the vector space of meromorphic sections of E.
For a complex manifold S, we denote by H k dR (S) the k-th de Rham cohomology of S with coefficients in C. We denote H p,q (S) = H q (S, Ω p S ). If S is a compact Kähler manifold, we identify H p,q (S) with a sub vector space of H p+q dR (S) via the Hodge theory. the author's postdoctoral advisor and a member of the author's dissertation committee. Prof. Yoshikawa drew the author's attention to the BCOV invariant and gave many helpful suggestions. The author is grateful to Professor Kenji Matsuki who kindly explained their result [1] to the author. The author is grateful to Professor Xianzhe Dai, Professor Gérard Freixas i Montplet and Professor Vincent Maillot for their interest in this work. The author is grateful to Doctor Yang Cao for many helpful discussions.
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1. PRELIMINARY 1.1. Simple normal crossing divisor. Let n ∈ N. For I ⊆ 1, · · · , n , we denote
Let X be a complex manifold of dimension n. Let Y 1 , · · · , Y l ⊆ X be closed complex submanifolds. Definition 1.1. We say that Y k k=1,··· ,l transversally intersect if the following condition holds: for any x ∈ X, there exists a holomorphic local chart
where m 1 , · · · , m l ∈ Z\{0} and E 1 , · · · , E l ⊆ X are irreducible and mutually distinct .
We say that D is simple normal crossing if E 1 , · · · , E l are smooth and transversally intersect.
Leading term of a meromorphic section.
Let X be a complex manifold. Let L be a holomorphic line bundle over X. For k ∈ N, we denote by
In particular, we have
be an invertible element. Let γ −1 ∈ M (X, L −1 ) be the inverse of γ.
We assume that Div(γ) is simple normal crossing. Let D ֒→ X be a component of Div(γ) of multiplicity d ∈ Z\{0}. Let N D be the normal line bundle of D ֒→ X.
We can show that
1.3. Quillen metric. Let X be a compact Kähler manifold of dimension n. Let E be a holomorphic vector bundle over X. Let ∂ E be the Dolbeault operator on
For q = 0, · · · , n, we have
Let g T X be a Kähler metric on T X. Let g E be a Hermitian metric on E. Let ·, · Λ • (T * X)⊗E be the Hermitian product on Λ • (T * X) ⊗ E induced by g T X and g E .
Let dv X be the volume form on X induced by g T X . For
Let ∂ E, * be the formal adjoint of ∂ E with respect to the Hermitian product (1.9).
The Dolbeault Laplacian on Ω 0,• (X, E) is defined by
Then ∆ E preserves the degree. Let ∆ E q be the restriction of ∆ E to Ω 0,q (X, E). By Hodge Theorem, we have
Moreover, the following map is bijective,
Let · λ(E) be the metric on λ(E) induced by the Hermitian product (1.9) via the isomorphism (1.12).
Let Sp(∆ E q ) be the spectrum of ∆ E q , which is a multiset. For s ∈ C with Re(s) > n, set
By [18] , the function θ E X (s) extends to a meromorphic function of s ∈ C, which is holomorphic at s = 0.
The Quillen metric on λ(E) is defined by
BCOV torsion and blow-up.
Let X be a compact Kähler manifold of dimension n. For p = 0, · · · , n, set
For A = Z, R, C, we denote by H • Sing (X, A) the singular cohomology of X with coefficients in A. For k = 0, · · · , n, let
be a basis of the lattice. We identify H k dR (X) with H k Sing (X, C) as follows,
where α is a closed k-form and a is a k-chain in X.
which is well-defined up to ±1.
Let ω be a Kähler form on X. Let · λp(X),ω be the Quillen metric on λ p (X) associated
with ω. Let · λ(X),ω be the metric on λ(X) induced by · λp(X),ω via (1.16). Let · λ dR (X),ω be the metric on λ dR (X) induced by · λ(X),ω via (1.17). We define
The proof consists of several steps.
Step 0. We introduce several notations.
For p = 1, · · · , n, there exist an analytic coherent sheaf G p on X ′ and a short exact sequence of analytic coherent sheaves on X ′ ,
More precisely, J s consists of holomorphic functions on X ′ whose vanishing orders on D are greater than or equal to s. We have a filtration of analytic coherent sheaves on X ′ ,
Let N Z be the normal bundle of Z ֒→ X. Let π : D = P(N Z ) → Z be the canonical projection. Let T D → π * T Z be the derivative of π. Set (1.26)
We have a filtration of holomorphic vector bundles over D,
For s ∈ N, we have a short exact sequence of analytic coherent sheaves on X ′ ,
We have a short exact sequence of analytic coherent sheaves on X ′ ,
Repeating the construction above, we get the filtration (1.31) together with F p s → G p s such that
Moreover, there exist maps between holomorphic vector bundles
For convenience, we assume that -F p 0 = Λ p (T * X ′ ); -isomorphism (1.35) with s = 0 is induced by the identity map on Λ p (T * X ′ ); -F p p = f * Λ p (T * X); -isomorphism (1.35) with s = p is induced by the identity map on f * Λ p (T * X).
Let r be the codimension of Z ֒→ X.
Step 1. We show that
(1.37)
(1.39)
We have
. We have a short exact sequence of holomorphic vector bundles over D, .40) and (1.41), we have a short exact sequence of holomorphic vector bundles over D, Let L be a holomorphic line bundle of degree 1 over CP r−1 . For 1 s k, we have
The fiber of π : D → Z is isomorphic to CP r−1 . The restriction of N −1 D to the fiber of π : D → Z is a holomorphic line bundle of degree 1. Using spectral sequence and (1.44), we can show that the cohomology of the holomorphic vector bundles in (1.43) vanishes unless ǫ = s = 0. Hence we obtain the second identity in (1.37).
The argument in the last paragraph also shows that
. Using spectral sequence and (1.40), we can show that
. On the other hand, it is classical that
From (1.45)-(1.47), we obtain the first identity in (1.37).
Step 2. We construct canonical sections of certain determinant lines. Let
be the canonical section induced by the long exact sequence induced by (1.24). Using spectral sequence, we can show that
be the canonical section induced by (1.49). Set
(1.52)
Let b k be the k-th Betti number of Z, i.e., b k = dim H k dR (Z). By (1.25), (1.30), (1.37), (1.52) and the Hodge decomposition
Recall that η p was defined by (1.51). Let
be as in (1.20) . By [19, Théorème 7 .31], we have
be the canonical section induced by the long exact sequence induced by (1.34) and (1.35) . Recall that µ p was defined by (1.48). We have
Step 3. We apply the immersion formula of Bismut and Lebeau [9, Theorem 0.1] and the blow-up formula of Bismut [5, Theorem 8.10]. Let g T X be the metric on T X induced by ω . Let g Λ p (T * X) be the metric on Λ p (T * X) induced by g T X . Let
be the Quillen metric on det H p,• (X) = det H • X, Λ p (T * X) associated with g T X and g Λ p (T * X) . Let g T X ′ be the metric on T X ′ induced by ω ′ . Let g Λ p (T * X ′ ) be the metric on
be the Quillen metric on det H • X ′ , f * Λ p (T * X) associated with g T X ′ and f * g Λ p (T * X) . Let g T D and g N D be the metrics on T D and N D induced by g T X ′ . Let g I p s be the metric on I p s induced by g Λ p (T * X ′ ) via (1.27). Let g G p s be the metric on G p s induced by g N D and g I p s via (1.29). Let
be the Quillen metric on det H • (D, G p s ) associated with g T D and g G p s . Let
be the metric on det H • (X ′ , G p ) induced by the metrics (1.66) via the identity
induced by (1.25) and (1.30). Recall that F p s s=0,··· ,p were constructed in the paragraph containing (1.35). We remark that
We equip F p s s=0,··· ,p with Hermitian metrics g F p s s=0,··· ,p such that
By (1.22) and (1.70), we have
be the Quillen metric on det H • (X ′ , F p s ) associated with g T X ′ and g F p s . Recall that µ p was constructed in (1.48 
By (1.73)-(1.75), we have 
By (1.21) and (1.78), we have
The right hand of ( 
be an invertible element. We denote
where m 1 , · · · , m l ∈ Z\{0} and E 1 , · · · , E l ⊆ X are irreducible and mutually distinct. In the sequel, we assume that (X, γ) is a 1-Calabi-Yau pair. Set
Here the 0-th power of Z is considered to be a set containing a single element, which we denote by ∅, i.e., Z 0 = {∅}. For (k 1 , · · · , k p ) ∈ Λ, we denote
In particular, we have E ∅ = X. We will use the notation
For k = (k 1 , · · · , k p ) ∈ Λ and q = 1, · · · , p, we denote
For k = (k 1 , · · · , k p ) ∈ Λ, we denote
For k = (k 1 , · · · , k p ) ∈ Λ\{∅}, we denote
For k = (k 1 , · · · , k p ) ∈ Λ, we denote (2.9) k c = 1, · · · , l \ k 1 , · · · , k p .
For k = (k 1 , · · · , k p ) ∈ Λ and j ∈ k c , we denote
Recall that m k k=1,··· ,l were defined by (2.2). For k = (k 1 , · · · , k p ) ∈ Λ\{∅}, we denote
For k ∈ Λ, we construct holomorphic line bundles J k and K k over E k by induction. Set
For k ∈ Λ\{∅}, let N k be the normal line bundle of E k ֒→ E k . Set
Let K E k be the canonical line bundle of E k . We can show that
Recall that Res · (·) was defined in Definition 1.3. For k ∈ Λ\{∅}, set
Several Bott-Chern integrations.
Recall that the holomorphic line bundles J k k∈Λ were constructed in the paragraph containing (2.12). We will construct Hermitian metrics on J k k∈Λ . Let · J ∅ ,ω be the standard metric on J ∅ = C. In the rest of this paragraph, we assume that k = (k 1 , · · · , k p ) ∈ Λ\{∅}. For q = 1, · · · , p, let L k,q be the normal line bundle of
For q = 1, · · · , p, let · L k,q ,ω be the metric on L k,q induced by ω. Let · J k ,ω be the metric on J k induced by · L k,q ,ω via (2.19) .
Recall that the holomorphic line bundles K k k∈Λ were constructed in the paragraph containing (2.12). We will construct Hermitian metrics on K k k∈Λ . Let · K E k ,ω be the metric on K E k induced by ω. Let · K k ,ω be the metric on K k induced by · J k ,ω and · K E k ,ω via (2.14).
We will construct real numbers a k (γ, ω) k∈Λ . Let g T E k ω be the metric on T E k induced by ω. For q ∈ N, let
be the q-th Chern form of T E k , g T E k ω . Recall that γ k ∈ M (E k , K k ) was constructed in the paragraph containing (2.15). Set
We will construct real numbers b k (ω) k∈Λ\{∅} . Recall that k ∈ Λ was constructed in (2.8) . Recall that N k is the normal line bundle of E k ֒→ E k . We consider the short exact sequence of holomorphic vector bundles over E k ,
be the same Bott-Chern form as in [21, §1.1]. Set
2.3. Construction of τ (X, γ) and proof of Theorem 0.1. For k ∈ Λ, we denote
Recall that τ BCOV (·, ·) was constructed in (1.21) . For ease of notations, we denote
Theorem 2.2. The real number τ (X, γ, ω) is independent of ω.
Proof. Let ω s s∈CP 1 be a smooth family of Kähler forms on X. It is sufficient to show that τ (X, γ, ω s ) is independent of s. We will view the terms involved in (2.26) as smooth functions on CP 1 , i.e.,
We will view T E k and N k as holomorphic vector bundles over E k × CP 1 . Let g T E k ω and g N k ω be metrics on T E k and N k induced by ω s s∈CP 1 , i.e., the restrictions g T E k ω E k ×{s} and g N k ω E k ×{s} are induced by ω s . Similarly to [21, (2. 8)], we have
Recall that L k,q q=1,··· ,|k| were constructed in the paragraph containing (2.18 
(2.29)
Recall that N k is the normal line bundle of E k ֒→ E k . Similarly to [21, (2.10) ], by (2.24), we have
(2.30)
We denote by S p the symmetric group on 1, · · · , p . For σ ∈ S p and k = (k 1 , · · · , k p ) ∈ Λ, we denote (2.31) σk = (k σ(1) , · · · , k σ(p) ) ∈ Λ .
For a function F : Λ → R and k ∈ Λ, we denote
By the construction of m k in (2.11) and the construction of L k,q q=1,··· ,|k| in the paragraph containing (2.18), for σ ∈ S |k| such that σ(|k|) = q, we have
As a consequence, we have
(2.34) By (2.28)-(2.30) and (2.34), we have 
Let ω s ∈ Ω 1,1 (X s ) s∈S be a smooth family of Kähler forms. Similarly to the proof of Theorem 2.2, we will view the terms involved in (2.26) as smooth functions on S. All the formulas in the proof of Theorem 2.2 hold except for (2.28). By [21, Theorem 1.6], we have
Proceeding in the same way as in the proof of Theorem 2.2 with (2.28) replaced by (2.43), we obtain (2.42 ). This completes the proof.
2.4. Construction of τ (X, D). We assume that D = Div(γ) is effective.
Definition 2.5. The BCOV invariant of (X, D) is defined by
By Proposition 2.4, the BCOV invariant τ (X, D) is well-defined. Let N be the total space of N. We have (3.2) W = N ∪ P(N) .
BEHAVIOR UNDER
Let r ′ ∈ {0, · · · , r}. Let L=1,··· ,r ′ be holomorphic line bundles over Z. We assume that there is a surjective map
Let N * be the dual of N. Taking the dual of (3.3), we get (3.4) L −1 1 ⊕ · · · ⊕ L −1 r ′ ֒→ N * . Let m 1 , · · · , m r ′ be positive integers. We denote m = m 1 + · · · + m r ′ . Let S m N * be the m-th symmetric tensor power of N * . Let
be an invertible element. We assume that -Div(η) is simple normal crossing; -Div(η) does not possess component of multiplicity −1. We will construct a meromorphic section η W ∈ M (W, K W ). By (3.4) and (3.5), we have
Let π : W = P(N ⊕ C) → Z be the canonical projection. We have
We may view a section of S m N * as a function on N . By (3.6) and (3.7), η may be viewed as an element of M (N ,
For q = 1, · · · , r ′ , set
Hence (W, η W ) is a 1-Calabi-Yau pair. Let j Z : Z ֒→ W be the embedding induced by the zero section of N. Let e : W ′ → W be the blow-up along j Z (Z). Then (W ′ , e * η W ) is a 1-Calabi-Yau pair. Let τ (·, ·) be as in Definition 2.3. Set where m 1 , · · · , m l ∈ Z\{0, −1} and E 1 , · · · , E l ⊆ X are irreducible and mutually distinct. Let Z ⊆ X be a connected closed complex submanifold such that Z, E 1 , · · · , E l transversally intersect (see Definition 1.1) and
Without loss of generality, we assume that
By the assumptions in the last paragraph, for q = 1, · · · , r ′ , we have m q 1.
Let Λ and E k k∈Λ be as in the paragraph containing (2.3). We denote
Then E k 0 is the minimal element of E k : Z ⊆ E k .
For k ∈ Λ, let γ k ∈ M (E k , K k ) be as in the paragraph containing (2.15). We denote
For q = 1, · · · , r ′ , let L q be the normal line bundle of (3.17)
Let r be the codimension of Z ֒→ X. We denote
Let N Z (resp. N * Z ) be the normal (resp. conormal) bundle of Z ֒→ X. By (2.14), (2.19) and (3.16), we have
be the conormal bundle of E k 0 ֒→ X. By (3.19) and the fact that
Recall that χ(·, ·) was defined by (2.38). Recall that τ (·, ·) was defined by (2.26) and (2.37). Let ν(N Z , γ Z ) be as in (3.11) with (N, η) replaced by (N Z , γ Z ).
Proof of Theorem 0.2. The proof consists of several steps.
Step 1. Following [2, §1.5], we introduce a deformation to the normal cone.
Let X → X × C be the blow-up along Z × {0}. Let The subvariety Π −1 (0) ⊆ X consists of two irreducible components:
(3.24) Σ 1 = P(N Z ⊕ C) , Σ 2 = X ′ .
We denote (3.25) X 0 = Σ 1 .
For k = 1, · · · , l, let E k ⊆ X be the closure of E k × C * ⊆ X . For z ∈ C, we denote
Let Z ⊆ X be the closure of Z × C * ⊆ X . For z ∈ C, we denote (3.27) Z z = Z ∩ X z .
Let g T X be a Hermitian metric on T X. Let d(·, ·) : X × X → R be the distance function induced by g T X . For x ∈ X, we denote For z ∈ C * , set
For a non-zero vector (v, s) ∈ N Z ⊕ C, we denote by [(v, s)] the image of (v, s) in P(N Z ⊕ C). Let · be the norm on N Z induced by g T X . Set We have
For ε > 0 small enough, the families (3.32) U z |z|<ε , Z z |z|<ε , U z ∩ E k,z |z|<ε with k = 1, · · · , l are smooth. Let F : X ′ → X be the blow-up along Z . For z ∈ C, we denote
For z ∈ C, set
For z ∈ C and k = 1, · · · , l, let E ′ k,z ⊆ X ′ z be the strict transformation of E k,z ⊆ X z . More precisely, we have For ε > 0 small enough, the families
with k = 0, · · · , l are smooth.
Step 2. We introduce a family of meromorphic canonical sections. Recall that r is the codimension of Z ֒→ X. Recall that γ ∈ M (X, K X ). Let z ∈ C be the coordinate. We have (3.40) z −r γ ∈ M X × C, Λ n T * (X × C) .
Let
(3.41) Γ ∈ M X , Λ n (T * X ) be the pull back of z −r γ via the canonical projection X → X × C. For z ∈ C, set (3.42) γ z = Γ Xz ∈ M (X z , K Xz ) .
For z = 0, the following identity holds under the canonical identification X z = X, (3.43) γ z = z −r γ .
For ε > 0 small enough, the family (3.44) γ z Uz |z|<ε is smooth.
Step 3. We introduce a family of Kähler forms.
There exists an open subset U ⊆ X such that (3.45) U ∩ X z = U z for z ∈ C . 
Set
τ (X ′ z , f * z γ z ) − τ (X z , γ z ) = k∈Λ ′ \Λ w k |k|! τ BCOV E ′ k,z , ω ′ z − a k (f * z γ z , ω ′ z ) − |k|(1 + m k )b k (ω ′ z ) − k∈Λ w k |k|! a k (f * z γ z , ω ′ z ) − a k (γ z , ω z ) − k∈Λ w k |k|! |k|(1 + m k ) b k (ω ′ z ) − b k (ω z ) + k∈Λ w k |k|! τ BCOV E ′ k,z , ω ′ z − τ BCOV E k,
